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Abstract
Nanostructured superlattices are promising materials for novel electronic devices due to
their adjustable physical properties. Periodic superlattices facilitate coherent phonon ther-
mal transport due to constructive wave interference at the boundaries between the materials.
However, it is possible to induce a crossover from coherent to incoherent transport regimes
by adjusting the superlattice period. We have recently observed such crossover in periodic
graphene-boron nitride nanoribbons as the length of individual domains was increased. In
general, transport properties are dominated by translational symmetry and the presence
of unconventional symmetries leads to unusual transport characteristics. Here we perform
non-equilibrium molecular dynamics simulations to investigate phonon heat transport in
graphene-hBN superlattices following the Fibonacci quasiperiodic sequence, which lie be-
tween periodic and disordered structures. Our simulations show that the quasiperiodicity
can suppress coherent phonon thermal transport in these superlattices. This behavior is
related to the increasing number of interfaces per unit cell as the Fibonacci generation in-
creases, hindering phonon coherence along the superlattice. The suppression of coherent
thermal transport in graphene-hBN superlattices enables a higher degree of control on heat
conduction at the nanoscale, and shows potential for application in the design of novel
thermal management devices.
∗Corresponding author
Email address: pereira@df.ufpe.br (Luiz Felipe C. Pereira)
Preprint submitted to Carbon February 7, 2020
1. Introduction
The term superlattice usually refers to a periodic structure of layers composed of two or
more materials. The physical properties of a superlattice can be quite different from the ones
of its constituents, and also originate unusual phenomena. For example, in the realm of heat
transport, periodic superlattices enable coherent propagation of phonons due to construc-
tive wave interference at the interfaces between the materials. Indeed, recent experiments in
GaAs/AlAs superlattices [1, 2], perovskite oxide superlattices [3] and TiN/(Al,Sc)N super-
lattices [4], have shown that coherent phonons dominate their heat transport characteristics
[5, 6]. Molecular dynamics simulations on superlattices of graphene-hBN [7, 8, 9, 10], Si-Ge
[11, 12, 13, 14, 15], silicene-germanene [16], graphene-nitrogenated holey graphene [17], iso-
topically modified graphene [18], among others [19, 20, 21, 22, 23, 24, 25, 26] also corroborate
the presence of coherent phonon transport in periodic superlattices and phononic crystals
[27, 28]. In those studies, the thermal conductivity of the superlattice is always lower than
the one of the individual pristine materials. Increasing the scattering of coherent phonons
or preventing their formation is an efficient mechanism to further decrease the lattice ther-
mal conductivity of superlattices, and enable their application in thermal rectification and
thermoelectric devices [29, 30, 31, 32, 33]. Nonetheless, deviations from periodicity can
originate even more complex phenomena and unusual physical effects.
The discovery of quasicrystals spawned a new area in solid state physics and chemistry
[34, 35]. One of the first quasiperiodic superlattices consisted of a GaAs/AlAs structure
following the Fibonacci sequence [36] . Quasiperiodic superlattices are generally formed by
two (or more) types of domains, and can be seen as an intermediate between a periodic
and a random arrangement [37]. Therefore, quasiperiodic patterning offers a possibility for
tuning the physical properties of a given system in a controlled manner [38, 39, 40]. In fact,
quasiperiodicity could lower the thermal conductivity of superlattices even further because
phonons of various wavelengths will be scattered by structures with different length scales.
A similar behavior was recently observed in hierarchical superlattices [14, 18].
Graphene-hBN monolayers have recently been synthesized via lithography patterning
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coupled with chemical vapor deposition [41, 42, 43, 44]. This approach enables the fabri-
cation of large-scale hybrid graphene-hBN heterostructures which are continuous and can
be transferred to substrates [44]. Furthermore, these materials have been shown to possess
unusual physical properties, quite different from its constituents [45, 41, 46, 47, 48, 49, 50].
In a recent work we employed molecular dynamics simulations to show that graphene-hBN
superlattice ribbons can present a 98% reduction in thermal conductivity when compared to
pristine graphene, depending on the superlattice period [10, 51, 52]. In addition, our results
identified a transition from coherent (wave-like) to incoherent (particle-like) heat transport
as the superlattice period was increased from a minimum value [10].
In the present work we investigate the thermal conductivity of graphene-hBN superlat-
tice ribbons via non-equilibrium molecular dynamics simulations, alternating equal domains
of graphene and hBN according to the Fibonacci sequence. Starting from the periodic su-
perlattice we observe that the thermal conductivity reaches a minimum value as the length
of the individual domains increase. We also notice that the domain length in which the
thermal conductivity reaches a minimum disappears as the Fibonacci generation increases.
Since the presence of a valley in the thermal conductivity is associated with a crossover from
a coherent to an incoherent transport regime, we conclude that the presence of a quasiperi-
odicity supresses coherent phonon transport in graphene-hBN superlattices. We attribute
this behavior to the increasing number of interfaces per unit cell as the Fibonacci generation
increases, which hinders phonon coherence along the superlattice. This suppression of co-
herent thermal transport in graphene-hBN superlattices enables a further degree of control
on heat conduction at the nanoscale, which has the potential to improve the design of novel
thermal management devices.
2. Methods
The Fibonacci sequence is an infinite sequence of integer numbers where each element
is the sum the two preceding ones. Starting from 0 and 1, the sequence of Fibonacci num-
bers is: 1, 1, 2, 3, 5, 8, . . . In our case, we consider a sequence formed by two types of do-
mains A (hBN) and B (graphene), such that each generation is obtained iteratively from
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Figure 1: (a) Unit cell of superlattices following the Fibonacci sequence up to fifth generation (5G). Domains
of type B correspond to graphene while type A correspond to hBN. (b) Superlattice nanoribbons are obtained
by replicating the supercell of each generation. (c) We consider superlattices with equal-sized domains of
graphene and hBN, but vary the domain size d. All ribbons have a nominal width of 5 nm.
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its predecessors by an inflation rule A → AB and B → A. Therefore, the sequence reads:
B,A,AB,ABA,ABAAB,ABAABABA, . . ., as illustrated in Fig. 1(a) up to the fifth gener-
ation (5G). The number of individual domains in each generation grows rapidly and coincides
with the respective Fibonacci number. As the generation increases, the ratio between the
number of domains of type A and domains of type B approaches the so-called golden ratio:
NA
NB
→ (1+√5)/2 ≈ 1.618. Therefore, the number of domains of type A is always lager than
the number of domains of type B. Furthermore, domains of type B are never consecutive,
whereas two domains of type A can be adjacent to each other.
We build graphene-hBN superlattice nanoribbons by repeating the unit cell of the re-
spective Fibonacci generation, as illustrated in Fig. 1(b). The second fibonacci generation
(2G) is the periodic case which we investigated recently [10]. The length of the supercell
defines a superlattice period for each generation, which is given by ℓp = Fg · d, where Fg is
the Fibonacci number and d is the length of the individual domains. We have considered
individual domains of various lengths but constrained the length of graphene domains to
equal the length of hBN domains, as shown in Fig. 1(c). Therefore, our samples have equal-
sized domains of graphene and hBN for each Fibonacci generation. Finally, all superlattice
ribbons considered in this work have a fixed nominal width of 5 nm.
Molecular dynamics simulations were performed with LAMMPS (Large-scale Atomic/Molecular
Massively Parallel Simulator) [53]. The interatomic forces were described by the Tersoff em-
pirical potential optimized for carbon and BN nanostructures [54, 55, 56, 57], which has been
thoroughly tested and employed in several C-BN systems. In all simulations the equations of
motion were integrated with a 0.5 fs timestep. The systems were initially thermalized with
a Nose´-Hoover thermostat at 300 K for 100 ps. We employed periodic boundary conditions
along the length of the superlattice ribbons and free boundary conditions along the other
two directions. Each ribbon was relaxed at finite temperature in order to achieve zero-stress
along the periodic direction, the stress along the other two directions is automatically zero.
The thermostat was turned off after equilibration and the system was then allowed to evolve
under microcanonical conditions.
The lattice (phonon) thermal conductivity was computed with the reverse non-equilibrium
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Figure 2: (a) In the RNEMD method the system is divided in N slabs of equal length. Slab 0 is the heat
sink and slab N/2 is the heat source. Due to periodic boundary conditions, slab N is the image of slab 0.
(b) Typical temperature profile for a 5G superlattice with d = 0.43 nm in the steady state.
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molecular dynamics (RNEMD) method [58], which imposes a heat flux through the system
by swapping the kinetic energy of atoms in two separate regions, originating a temperature
gradient. In the RNEMD method, the system is divided into N slabs along its length and
two of those slabs are chosen as heat source and heat sink. Fast moving atoms in the heat
sink have their kinetic energy swapped with slow moving atoms in the heat source, gener-
ating a temperature gradient. In our setup we choose the first slab as the heat sink and the
middle slab as the heat source, as shown in Fig. 2. Each slab had an average of 200 atoms.
The heat flux J was calculated from the diference in kinetic energy of the exchanged
particles
J(t) =
1
2∆tA
∑
swaps
[Ksource −Ksink], (1)
where ∆t is the time interval measured from the beginning of the swaps, Ksource and Ksink
are the kinetic energies of the atoms in the heat source and sink, and the sum is over all
swaps. We define the cross sectional area A of the nanoribbon as the nominal width of 5
nm multiplied by a thickness of 0.33 nm. The factor of 2 accounts for the fact that the heat
flux is divided between both sides of the heat source. When the swaps are introduced the
system is taken out of equilibrium, and as they proceed it eventually reaches a steady state
where the time average of the heat flux is constant. The frequency with which kinetic energy
swaps take place has to be carefully adjusted. Every swap introduces a little discontinuity
in the trajectory of the atoms involved. If the swaps happen too often the total energy of
the system tends to increase. However, if steps happen too seldom the system takes too
long to reach a steady state. In our simulations we performed the energy swaps every 1000
timesteps for a total simulation time of 40× 107 timesteps, which corresponds to 20 ns.
At every simulation step the temperature of each slab can be calculated from the equipar-
tition theorem as
Ti =
1
3nikB
ni∑
j=1
p2j
mj
, (2)
where Ti is the temperature of i-th slab, ni is the number of atoms in it, kB is Boltzmann’s
constant, mj is the mass of atom j, and pj stands for its linear momentum. From the
temperature of each slab we build a temperature profile for the system, as the one shown
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in Fig. 2(b), from which the temperature gradient can be measured as indicated by the red
lines in the figure. Since we are dealing with superlattice nanoribbons, our systems are
effectively one-dimensional and only one component of the temperature gradient is relevant.
Due to our geometry we have two estimates for the gradient, one from each side of the heat
source, as illustrated in Fig. 2(b). In fact, one way to estimate if the system has reached
the steady state is to check if the gradients on each side of the heat source are equal (within
error bars).
Once the system reaches the steady state, both the heat flux and the temperature gra-
dient are stationary and we can calculate the lattice thermal conductivity for a system of
length L from Fourier law
κ(L) =
〈J〉
〈∂T/∂x〉 , (3)
where 〈· · ·〉 represents the time average of the quantities, and x is the direction of the heat
flow. In general, the behavior of κ(L) can be described by a ballistic-to-diffusive expression
such as [59]
1
κ(L)
=
1
κ
[
1 +
Λ
L
]
(4)
where κ is the intrinsic (length independent) thermal conductivity of the material, and
Λ is an effective phonon mean free path (MFP) [60]. Fan et al. have shown that for
pristine graphene sheets the expression above is more accurate when κ and Λ are decomposed
between in-plane and out-of-plane components [61]. However, we have verified that for
graphene-hBN superlattice ribbons the decomposition is not necessary and Eq. (4) provides
accurate results [10]. In what follows we employ Eq. (4) to determine the influence of
domain length and Fibonacci generation on the intrinsic thermal conductivity of graphene-
hBN nanoribbons.
3. Results and Discussion
We begin by analyzing the dependence of the thermal conductivity with the total length
of the superlattice ribbons. At first we consider superlattices with a fixed domain length of
d = 0.43 nm, which corresponds to the smallest domain size in Fig. 1(c), including only one
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hexagon of atoms per domain. In Fig. 3 we present the thermal conductivity as a function
L from the second to the eighth Fibonacci generation. The figure also includes data for a
random superlattice with the same domain length. The random lattice was generated by
randomly distributing domains of graphene and hBN subject to two constraints: domains of
type B (graphene) are never adjacent, and the ratio between A and B domains (NA/NB) is
as close as possible to the golden ratio. These constraints are necessary in order to compare
the quasiperiodic superlattices to equivalent random lattices, since the thermal conductivity
of graphene is much larger than hBN, and the superlattice conductivity is strongly dependent
on the number of interfaces.
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Figure 3: Thermal conductivity versus nanoribbon length L for domains of length d = 0.43 nm. Data
points are extracted from RNEMD simulations and lines are least-square fits to the data. Notice that κ(L)
decreases with the Fibonacci generation and approaches the random superlattice.
The symbols in Fig. 3 represent values calculated from Eq. (3), while the continuous
lines are least-squares fits to the data points using Eq. (4). In order to estimate the
uncertainty in the calculated data points we performed independent simulations by changing
the initial atomic velocities, and found an uncertainty smaller than 5% in all cases. We
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have also estimated the uncertainty in κ within an individual simulation by considering the
uncertainties in the average heat flux and temperature gradient. In this case we also found an
uncertainty smaller than 5%. For the sake of clarity we omit the error bars for quasiperiodic
superlattices with L < 125 nm and for the random lattice. Furthermore, in order to assert
the predictive power of the ballistic-to-diffusive expression, the fitting procedure did not
include the three longest systems for the second generation and the two longest ones for
generations 3 to 8. Therefore, error bars representing a 5% uncertainty are shown only for
the largest quasiperiodic nanoribbons, which were intentionally not included in the fitting.
The agreement between the fitted lines and the data points even for the largest systems
shows the remarkable predictive power of Eq. (4), which can be used to predict the intrinsic
lattice thermal conductivity from simulations with relatively short systems. According to
Fig. 3, simulating nanoribbons of length up to ≈ 100 nm is enough to predict the intrinsic
thermal conductivity of the graphene-hBN superlattices. The data in Fig. 3 also show that
for domains of length d = 0.43 nm, the thermal conductivity decreases with the Fibonacci
generation, approaching the conductivity of a random superlattice. We attribute this be-
havior to increased phonon scattering at interfaces, since the number of interfaces per unit
cell increases with the generation as illustrated in Fig. 1(b). This behavior is also related to
the decrease in effective phonon mean free path and average group velocity as we shall see
in Sec. 3.3. Nonetheless, we notice that even for the eighth Fibonacci generation the ther-
mal conductivity of quasiperiodic superlattices is larger than that of an equivalent random
superlattice.
3.1. Dependence of κ on domain length
Now we vary the domain length and analyze its influence on κ. Since we want to focus
on the effect of the quasiperiodicity on the thermal transport, we consider only superlat-
tices with equal sized domains of graphene and hBN. Fig. 4 shows the intrinsic thermal
conductivity as a function of the domain length from the second to the eighth Fibonacci
generation. The figure also includes the conductivity of random superlattices which were
built respecting the two constraints in order to make them equivalent to the quasiperiodic
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ones in terms of adjacent domains and ratio between domain types. A non-monotonic be-
havior of κ as a function of d, with the presence of a minimum, is a common feature for
periodic superlattices such as the second generation of the Fibonacci sequence. The presence
of a minimum is generally attributed to a crossover from a coherent transport regime to an
incoherent one [10].
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Figure 4: Intrinsic thermal conductivity versus domain length. The valley present in some of the curves is
associated with the crossover from the coherent to the incoherent heat transport regime, and it disappears
from 7G onwards. Dashed lines are guides to the eye.
In Fig. 4 we notice that the value of d for which κ is minimum decreases as the Fibonacci
generation increases. From 7G onwards, including the random superlattice, κ increases
monotonically with d and the valley associated with the coherent to incoherent crossover
disappears. This observation suggests that the presence of quasiperiodicity gradually sup-
presses coherent thermal transport in graphene-hBN superlattices, approaching a random
superlattice in which the heat transport is predominantly incoherent. The observed sup-
pression is related to the increasing number of interfaces per unit cell, which hinders phonon
coherence along the superlattice. Furthermore, the presence of quasiperiodicity (here from
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3G to 8G) decreases the thermal conductivity with respect to the periodic superlattice (2G)
with the same domain length d. This is also related to the increasing number of interfaces
within the unit cell and to the behavior of the effective phonon mean free path and average
group velocity as it will be shown in Sec. 3.3.
3.2. Decomposition of the thermal conductivity
Now we try to quantify the coherent thermal transport in Fibonacci quasiperiodic graphene-
hBN superlattices. Following the decomposition of κ in coherent and incoherent phonon
contributions proposed by Wang et al. [62], we can write
κ = κcoh + κincoh. (5)
In the case of periodic and quasiperiodic superlattices both coherent and incoherent phonons
contribute to the thermal conductivity, while in random superlattices only incoherent phonons
contribute to κ since coherent phonons become localized [62, 27, 28]. Therefore, κincoh =
κrandom, and we obtain the coherent contribution to the thermal conductivity of a quasiperi-
odic superlattice by subtracting the conductivity of an equivalent random superlattice:
κcoh = κ− κrandom. (6)
Fig. 5 shows the contribution of coherent transport to the thermal conductivity of
quasiperiodic superlattices normalized by their total conductivity. In superlattices with d =
0.43 nm the contribution of coherent phonons ranges from 60% in the second generation down
to 10% for the eighth generation. For d = 0.86 nm only the second and third generations
show a contribution larger than 10% from coherent phonons to the total κ. According to Fig.
5, for d > 1.5 nm at least 90% of the thermal conductivity in quasiperiodic graphene-hBN
superlattices it due to incoherent thermal transport. Therefore, the analysis based on the
decomposition of κ further corroborates the conclusions drawn from Fig. 4 regarding the
disappearance of the transition from coherent to incoherent heat transport.
We would like to point out that our prediction has measurable implications in future
experimental realizations of graphene-hBN superlattices. The periodic in-plane heterostruc-
tures of graphene and hBN produced by Liu et al. [44] presented domain lengths ranging
12
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Figure 5: Normalized coherent contribution to the thermal conductivity versus domain length. Below the
horizontal line incoherent phonons are responsible for more than 90% of the thermal conductivity.
from 100 nm to 1 µm. Due to experimental limitations it is unlikely that superlattices with
domain lengths below 10 nm will be produced in the near future. Therefore, according to our
simulations the thermal transport in graphene-hBN superlattices experimentally produced
should always be in the incoherent regime at room temperature, and their conductivity
should increase with the size of the domains. This feature allows for a direct experimental
verification of our predictions at room temperature.
3.3. Influence of the Fibonacci generation
Finally, in order to better understand how the quasiperiodicity affects the thermal trans-
port in graphene-hBN superlattice nanoribbons, we consider the influence of the Fibonacci
generation on thermal conductivity, phonon mean free path and average group velocity for
different domain lengths. Figures 6(a) and (b) show the intrinsic thermal conductivity and
the effective phonon mean free path obtained from Eq. 4. Meanwhile, in Fig. 6(c) we
plot the absolute value of the average phonon group velocity, calculated directly from the
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phonon dispersion curves. For the two shortest domain sizes, 0.43 and 0.86 nm, the strong
decrease of Λ and |v¯g| as the generation increases explain the decrease in κ observed here in
panel (a), and also visible in Figs. 3 and 4. According to the data, the dependence of κ on
the generation appears to be stronger in the coherent transport regime and weaker in the
incoherent one.
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Figure 6: (a) Intrinsic thermal conductivity, (b) effective phonon mean free path and (c) average group
velocity as functions of Fibonacci generation. The three quantities generally decrease with the generation,
but are more sensitive to domain size for earlier generations. Dashed lines are guides to the eye.
In the case of d = 0.86 nm, Fig. 6 shows a smaller variation of κ and Λ beyond the
third generation, and according to Fig. 5 the thermal transport is mostly incoherent after
the third generation for that domain length. A similar behavior is observed for d = 1.72
nm and d = 3.44 nm where there is a weak dependence of κ on the generation. This is
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an indication that, once the system is in the incoherent transport regime, the increasing
density of interfaces has a weaker impact on phonon transport. According to Fig. 6(b), Λ
decreases with generation in the coherent regime and oscillates around an average value in
the incoherent one. Meanwhile the average group velocity decreases with generation for all
domain lengths, and becomes independent of d for higher generations.
4. Conclusions
A final remark must be made regarding the length scales in question. According to Fig.
4, the domain lengths at which the coherent to incoherent crossover takes place range from
0.43 to 1.72 nm. Thus, the superlattice periods at which the crossover takes place range
from 3.44 nm for the second generation (corresponding to 2 domains of 1.72 nm) up to 11.2
nm for the sixth generation (corresponding to 13 domains of length 0.86 nm each). Now,
according to Fig. 6(b), the corresponding effective phonon MFP would be 32 nm for 2G and
approximately 30 nm for 6G. Therefore, in the 2G case ℓp is one order of magnitude smaller
than Λ, while in the 6G case the quantities are actually commensurate. It has been argued
that the crossover occurs when ℓp approaches the MFP of the major heat carrying phonons
although some authors disagree [5, 20]. Unfortunately, the effective MFP we obtain from
Eq. (4) corresponds to an average over all phonon modes, whose MFP vary by a few orders
of magnitude. Consequently, our analysis does not enable a definite conclusion regarding
which length scales are indeed responsible for the crossover.
In summary, we performed large scale non-equilibrium MD simulations to systemati-
cally investigate the thermal transport properties of quasiperiodic graphene-hBN nanorib-
bons. We observed that the length of individual domains for which the thermal conductivity
reaches a minimum decreases as the Fibonacci generation increases. Since the presence of a
valley in the thermal conductivity is associated with a transition from a coherent transport
regime to an incoherent one, we conclude that the presence of a quasiperiodicity hinders
coherent phonon transport in these superlattices. Based on simulation results, we conclude
that from the seventh Fibonacci generation and beyond the heat transport in graphene-hBN
superlattices is mostly incoherent for any realizable domain length at room temperature.
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This observation could, at least in principle, be measured in experiments at room temper-
ature with current fabrication techniques. The suppression of coherent thermal transport
in graphene-hBN superlattices enables a further degree of control on heat conduction at
the nanoscale, which has the potential to improve the design of novel thermal management
devices.
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